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mutually orthogonal Latin squares

Brouwer & G.H.J. van Rees

RACT

Wilson's construction for mutually orthogonal Latin sgtares is general-
. This generalized construction is used to improve known bounds on the
tion n (the largest order for which there do not exist r MOLS). In

icular we find

n_ < 780, n_ < 4738, n9 < 5842 n < 7222

8
n < 7478, n < 9286, n < 9476, n 10632.

12
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TRODUCTION

For the definition of a Latin square and a set of mutually orthogonal
squares, (MOLS), see DENES & KEEDWELL [8]. Let N(v) denote the maxi-
amber of MOLS of order v. (For v > 1 we have N(v) < v-1; it is con-

at to put N(0) = N(1) = +») CHOWLA, ERDOS & STRAUS [7] showed that

(v) = +=. Consequently we may define n_ o= max{vl N(v) < r} (for r=2).
v [23] proved that n_ < r17 when r is sufficiently large. For small

s of r explicit upper bounds for nr have been obtained. The current

of affairs is:

1, = 6 [Bose, Shrikhande & Parker],

1, < 14 [Wang & Wilsonl],

1, < 52 [Guérin],

1, < 62 [Hananil,

1 < 76 [Wojtas],

17 < 780, n8 < 4738, n9 < 5842, n10 < 7222,

14 <7478, n, <9286, n 4 <9476, Ny, < n ¢ < 10632 [this paper],
155 S 65278 [Brouwer].

very good bounds on nr for r < 6 are obtained using the fact that 7,8,9
dnsecutive prime powers. The bounds on n, and n30 come from 16,17 and
respectively.) For a list of lower bounds for N(v), v < 10000, see

iR [3].

As is well known, the existence of r mutually orthogonal Latin squares
Jer v is equivalent to the existence of a transversal design TD[r+2;v]
blocks of size r+2 and r+2 groups of size v) (see, e.g. WILSON [23]).
all use the language of transversal designs in the sequel.

In [23] Wilson describes a recursive construction for transversal

1s. This construction was generalized by WOJTAS [27], [28] and STINSON
This construction is now further generalized to subsume the other
ructions. (Both authors arrived independently at essentially the same
am - the logical conclusion of the work of Wojtas and Stinson. A much
jeneral construction for group divisible designs, generalizing almost

known recursive construction, has just been found by Stinson (oral

1ication} but it seems that the specialization of this very general




‘esult to the case of transversal designs is almost equivalent to our

result.)
. THE CONSTRUCTION

As auxiliary structures in the construction we need 'transversal
lesigns with holes', things that look like a transversal design from which
me or more (disjoint) subdesigns have been removed. (This concept - in the
:ase of one hole - occurs in HORTON [11] under the name 'incomplete array'.)

r
pecifically, we write TD[k;v] - _21 TD[k;ui] for a structure (X,G,A, ( )
. i=

Y.).
1)1Sr
,...,Gk} is a partition of X into

here X is a set of kv points, G = {Gl,G2
. groups of v elements each, each Yi (1 <i <rx) is a set of kui points
uch that IYinGjl = u, for 1 < j < k, and A is a set of subsets of X called
locks, each containing exactly one element from each group, such that each
air {x,y} of elements from different groups is either contained in Yi for
ome i or occurs in a unique block of A (but not both).
Thus it follows that each block contains k elements and there are

2 _ igl ui blocks. Notice that for r = O the concept 'transversal design
ith zero holes' coincides with the usual concept of transversal design.
lso, that if a transversal design contains r disjoint subdesigns we obtain

'transversal design with r holes' by removing the blocks of these sub-
esigns. Note however that a transversal design with holes might exist where
e full design does not exist. For example, Horton constructed TD[4;6]-TD[4;2].

The following is our main theorem.

HEOREM 1.1. Let (X,G,A)pbe a T™p[k+L;t] where G = {Gl""’Gk'Hl""’HK}'

i

or 1 <i < f let Hi = 'Zl Hij be a partition of Hi. Let nonnegative num-
J:

ers m, mij be given such that the following two conditions are satisfied.

i) For 1 < i < L there exists a transversal design

Py
™o[k; ) m,.h, ]
j=1 ijij
where h,. := |H..].
1] 1]
ii) For any block A ¢ A intersecting Hij(i) (1 < i < L) there exists an

incomplete transversal design (transversal design with £ holes)




£ e

olk;m + ) m,,,..1- ) Tdlk;m, . 1.
i=1 FET 4 131
2
L P
[k; mt + ) ) m .h .]
i=1 j=1 1J 1]
. Let I = {1,2,...,k} be some set of cardinality k. Let M, Mij be
>f cardinality m, mij' respectively. Let XO = G1 U...U Gk. For eac.
A e A, put AO = AnX, and A, = AnH, (1 < i < L). The design we con

£ will have pointset

i
Il

(x xM) u U (I, xM,,xH,,)
0 i, k ij 1ij

* * *
>llection of groups G = {G ...,Gk}, where

1I

*
G, = (g.xM) u U ({i}xMm, .xH,.)
i i 1,3 ij ij

i £ k). It remains to describe the blocks.

for each block A € A construct a TD[k;m + I m,.,.. ] - £ Tplk;m,. .
* i i3 (1) i ij(i
s set A = (A xM) u U (I,xM,.,.,XA,) (where j(i) is defined by
0 : k ij (i) R
H.. .. (1 € i < X£)) with groups A nG, (1 < i < k) and holes I XM,
ij (1) i k ij

i < ). Let its family of blocks be BA'

Vext, for 1 < i < X, let Ci be the family of blocks of a transvers

n TDLk; I m,_.h, ] with pointset Hf = U I xM,.XH,, and groups HfUG*
j 13,17 j Kk i3 1] i g
g <k). Put A" = U BAUU Ci. Then (X ,G ,B") is the required design
A i
e readily checks. [

Sometimes one needs another distribution of the holes. A still mor

al theorem tells us where we may avoid holes.

EM 1.2. Let (X,G,A) be a TD[k+L;t] where G = {G,,...,G, ,H, ,...,H))
— 1 k1 2

= _U1 Hi' Choose a nonnegative integer m and maps w: H +INO,
l=

> GUA such that x € g(x) for each x ¢ H. If

3 Tolk; Y ow(x)] - ) TD[k;w(x) ] (1 <i<4,
eri XeH4
g(x);Hi




d

i) 3 Tolk; m+ )  w(x)] - ) TD[k;w(x) ] (Va € A)
xX€ANH xX€ANH
g(x)#A

en there exists a TDlk;mt + I w(x)].
X€H
The proof is similar to that of theorem 1.1. We shall call the members
from theorem 1.1 and w(x) from theorem 1.2 weights. The most useful ap-
ications are those where all nonzero weights occur on one or two groups

on one block. ‘Let us formulate these explicitly.

p
ROLLARY 1.3. (BROUWER [3bl) If TD[k+1;t] and TD[k;.Z, m.,h.] and (for

J J
=1,...,p) TD[k;m+mj] - TD[k;mj] all exist (where t= hj) then also

b
[k;mt + ¥ m,k.] exists.
j=1 33

OOF. This is the case £ = 1 of theorem 1.1. O

ROLLARY 1.4. (BROUWER [5]) If Tp[k+£;t], TD[k;m], TD[k;%+w] and (for
=1,...,4) TD[k;m+wi] - TD[k;wi] all exist (where w = .21 wi), then also
l=

[k;mt+w] exists.

OOF. This is the case w(x) = 0 for x ¢ A and g(x) = A for x € A (where
is some fixed block) of theorem 1.2. Note that we do not need TD[k;m]

case k+f = t+1. g

MARKS . Theorem 1.2 generalizes most known variants of Wilson's theorem.

e obtains theorem 1.1 by taking g(x) = Hi for x ¢ Hi. Wilson's construc-
on [23] is theorem 1.1 with all weights either zero or one. Stinson's
nstruction [18] is the case of theorem 1.1 with weights € {0,n}. Wojtas's
nstruction [27] is corollary 1.3 with weights ¢ {O,l,ml} and m = mm, .
rollary 1.4 is a generalization of Wojtas's lemma 2.1 [28].

Of course in this kind of sjituation the merit lies not so much in
nding new generalizations, as well in finding new specializations of the
rameters in one of these very general theorems so as to produce working
rollaries. For example, not until four years after Wilson's theorem was

blished did Wojtas (in [26]) show that N(90) = 6 was a corollary.




So let us justify these beautiful theorems by improving the known
ts on n_ (7 < r < 15). {This is a nice test case. Previous results are

oximately in chronological order):

j=]
IA

5036 [Bussemaker & Kamps - in: Combinatorial seminar Eindhoven,

J.H. van Lint, 1974],

n, < 4922 [Wojtas, 19771,

o < 4146 and ng < 9402 [Mullin, Schellenberg, Stinson & Vanstone, 1978]
n, < 4298 [Wojtas, 1978],

n, < 2862 and ng < 7768 [Brouwer, 19781,

n, < 2862 [stinson, 19781,

n, < 1750 [Wojtas, 19791,

n, < 1726 and ng < 7464 [Brouwer, 19791,

ng < 7474 [Stinson, to appear]:

we show n_ < 780 and n_ < 4738, a great leap forward.}

7 8

LES OF SIZE ONE

A TD[k;v] - TD[k;0] exists if and only if TD[k;v] exists; they are

ame object. Also for holes of size one we have easy criteria.

2.1.

Suppose a TD[k;v] - TDlk;ul exists. Then v = u or v =2 (k-1)u. A
T™[k;v] - TpLk;ul - TD[k 1] exists iff v > (k-1)u.

Suppose a TD[k;v] - Z TD[k; iUy ] exists, where r = 2 and u, zu, 2.
>u = 0. Then v > (k—l) u + u
r 2 r
if v > (k-1) Zl u, then a TD[k v] - 21 TDlk; iuy ] - ™o[k;1] exists.
i= i=

. In order to obtain a hole of size one, remove a block disjoint from

iven holes. g

2.2,
v
Suppose a TDLk+1;v] exists. Then a TD[Lk;v] - 21 TD[k;1] exists.
i= r
Suppose a TDLk+1; v] - Z TD[k+1;u,] exists, where £ := v - '21 u, > 0.
£i 12

Then a TD[k;v] - Z TD[k iUy 1 - ¢ Tplk;1] exists.
i=1 i=1




ROOF. Obvious. [J
The conclusion of lemma 2.la can be strengthened slightly:

EMMA 2.3. Suppose that k = 3, v > (k-1)u and that a TD[k;v] - TD[k;ul
xists. Then a TD[k;v] - TDlk;ul - 2TD[k;1] exists.

ROOF. Consider the graph with the blocks of TbD[k;v] - TD[k;ul] which are
isjoint from the hole as vertices, two blocks being adjacent if they have
onempty intersection. By lemma 2.la the set of vertices V is nonempty.

2 2
n fact |v] = v- -u” -ku(v-u), and the graph is regular of degree

:= k(v-1-(k-1)u). Since v > (k-1)u and k > 3 it follows that |Vv] -1 > 4
[vl-da-1 = (v-(k-1)u) (v-u-k) + k-1 > 0), i.e., the graph is not complete

o that there exist two nonadjacent vertices. 0

OROLLARY 2.4. Suppose that v > k = 3 and that a TDlk;v] exists. Then a
DLk;v] - 3TD[k;1] exists. O

INPUT DESIGNS

In order to apply our theorems we need some constructions for trans-
ersal designs with holes. First remark that if we have a TDLk;v] with sub-
esign TD[k;u] then by removing the blocks of the subdesign we get TD[k;v] -
D[k;ul. Usually we shall construct transversal designs with holes in this
ay. However, some of the following propositions yield transversal designs

ith holes that perhaps cannot be filled.

“

ROPOSITION 3.1. Let (X,G,A) be a group divisible design such that for

ach A ¢ A a ™D[k+1;|a|] exists. Then a TD[k;|X|] - ZG TD[k; |G|] exists.
Ge

ROOF. This is the well-known 'pairwise balanced design' - construction.
a
It is of course sufficient to require the existence of TD[k;a] - 'Zl TD(k; 1]

l:
or a = |al, A e A.) g

ROPOSITION 3.2. [MacNeish, Bushl] If there exists a TD[Lk;m] and a TD[k;n]

hen there exists a TDlk;mn] which contains a sub-TD[k;n].

More generally we have




ISITION 3.3. If there exists a TDlk;n] and a TD[k;v] - I TD[k;ui] then
i
» exists a TDLk;nv] - z TD[k;nui].
i

'. Obvious. g

The design that we constructed in the conclusion of theorem 1.1 is
of subdesigns. And even if some of the ingredients are missing we at

. get a design with holes. More precisely:

Under the assumptions of theorem 1.1 except for those under (i) we
find that

p

Tolk;mt + ) )
i=1 j=1

i £
1- 1

Pi
m, .h, . olk; ) m, h, .]

exists.

Under the assumptions of theorem 1.1, if (ii) is replaced by the
slightly stronger condition (ii)': for any block A there exists a

£ a
Tolk;m + ) m, 1- ) tTolksm, ., 1 - TD[k;1]
. ij (1)

i=p I i=1
then we may construct the design in the conclusion in such a way that

it contains a subdesign T[k;t].

'. Construct this subdesign on the set XO x {0} (where 0 is some fixed
mnt of M). (Clearly, by strengthening (ii)' further, we may obtain more

iint subdesigns Tlk;t].) 0O

Under the assumptions of theorem 1.1, if (i) is strengthened by
requiring that each TD[k; It m, .h,.] contains a sub-TD[k;m, 6 .. ]
j=1 "ij iJ ij (1)
(1 < i < L), then we may construct the design in the conclusion in
L
such a way that it contains a subdesign TD[k; m + 121 mij(i)]'
In fact, disjoint blocks A give rise to disjoint such subdesigns.
{Hundreds of variants can be written down - e.g. if under (B) the '1'
mdition (ii)' is replaced by an 'a' then we may conclude to a subdesign

t] - but these seem useless if one's only purpose is to obtain good

ls on n .}
r




Similarly the design constructed in theorem 1.2 is full of subdesigns;
e refrain from any explicit formulation.
Specializing parameters we may again convert these general remarks

nto useful propositions.

ROPOSITION 3.4. Let m > 1 and suppose that a TD[k+1;t], a TD[k;m] and a

Dlk;m+1] exist; and that 0 < s < t. Then a TDLk;mt+s] - TD[k;s] exists.
f, moreover TD[k;s] exists, then a TD[k;mt+s] exists which contains a
ub-TD[k;t], a sub-TD[k;m] if s # t, a sub-TD[k;m+1] if s # 0, and a sub-
Dlk;s].

ROOF. In theorem 1.1 put £ = 1, P, = 2, m = 0. By remark (A)

11 =1 By,
Dlk;mt+s] - TD[k;s] exists. The sub-TD[k;t] is found using remark (B) -
ote that the requirement is that TD[k;m] - TD[k;1] exists (i.e. m # 0)

nd that TDLk;m+1] - 2 TD[k;1] exists (i.e. k < m+l, which follows from the

xistence of TDLk;m]). The sub-TD[k;m+i] (i = 0,1) are guaranteed by remark
o). O

ROPOSITION 3.5. Let m > 1 and suppose that a TD[k+w;t], a TD[k;m] and a

Dlk;m+1] exist. Then a TDLk;mt+w] - TD[k;mtw] exists. If, moreover,
DLk;m+w] exists, then there exists a TDLk;mt+w] which contains a sub-
Dlk;t], a sub~TD[k;m], a sub-TD[k;m+1] if w > 0, and a sub-TD[k;m+w].

ROOF. In corollary 1.4 put £ = w and w, =...= w£=1 (thus we obtain a theo-

1
em of WOJTAS [25,28]). The claims again follow from (A)-(C) or their analo-

ues for theorem 1.2. 0

A. Separable designs

BOSE, SHRIKHANDE & PARKER [2, theorem 4] proved a theorem the most
mportant special case of which was reproved in VAN LINT [12, theorem
3.2.2]:

If there is a symmetric BIBD(v,k,l) then N(k2+1) > min{N(k) ,N(k+1)-1}.
ut the design constructed contains a subdesign of order k - in fact Van

int proves




JSITION 3.6. If there is a symmetric B[k;v] and a TD[c+1;k+1] then
» is a TDlc;v+k] - T™[c;k].

A separable pairwise balanced design in the sense of Bose, Shrikhande
‘arker is a PBD (X,B) with A = 1 where the collection of blocks can be
tioned into classes Bi such that each (X,Bi) is a 1-design with r, =k,
v I) or r, = 1 (type II). Let v := |X|. By "partially completing” this
m by adding "points at infinity" to the blocks of some of the classes
:ay, those with i € I, where I is some index set) and then performing
'BD construction for transversal designs one obtains a transversal

m on v+x points, where x==i§I r, - If only classes of type II are

mt this corresponds to ordinary completion followed by an application
oposition 3.1; in the presence of type I classes there is no inter-
te pairwise balanced design but Bose, Shrikhande & Parker showed how

‘'oceed in this case.

A direct generalization of a slight improvement of their theorem is

EM 3.7. Let (X,B) be a separable PBD on v points with X = 1 and with

ation B = 3§ B,, where each B, is a 1 - (v,k.,r.) design with ¥, = k.
jeg i i i’ i i
=1. Let T c Jand let x = ¥ r..
iel 1

Suppose that there exist TD[c+ei;ki+1] for i € I and TD[c+€i;ki] for
\I.

If €, 2 1 for all i € J, or if there is an index iO such that BiO is

of type II (i.e. Tig = 1) and €1, > 0 and e, 2 1 for all i e J\{io},
then there exists a TD[c;v+x] - TD[c;x].

If there is an index iO such that i0 ¢ I and BiO is of type II and

Ei >'1 for i e J\{io} (and €4 is arbitrary), then there exists a

0

s
IDlc;v+x] - TD[c;x] - _21 TD[c;k] where s = v/k and k = kio.
J:

We omit the proof. As usual, everywhere where TD[c+1;ul was required,
al] - ‘g TDLc;1] suffices. Also, if e.g. in case (ia) a TD[c;x] exists,
a TD[g:v+x] exists with subdesigns TD[c;ki] for i € J\I and TD[c;ki+1]
€ I and Bi of type II.

Apart from some sporadic examples containing small blocks (say of size
than six) all separable designs we know are either resolvable or come

the next theorem.




, 2
"HEOREM 3.8. (BROUWER [4]) Let g be the power of a prime, and 0 < t < gq“-q+1.
"hen there exists a pairwise balanced design B[{t,q+t};t(q2+q+1)] such that
, 2
it is the union of a symmetric 1 - (v,q+t,q+t) design and (q -g+1-t) 1 -

(v,t,1) designs. O

3B. A difference method

WILSON [24] has given a direct construction for incomplete transversal

lesigns.

’ROPOSITION 3.2. Let q = mt+l be a prime power. Let k = mt+2. If there may

e found a matrix - minus - diagonal of field elements aij € Eé (1 <£1i,3 <

¢; i # j) such that for each jl'j2 (1 < j1 < < k) the m differences

J
i,, —a,. (1 <i<k;i#3j,,j.) form a systim of representatives for the
ij, ijq 1772 :
ryclotomic classes of index m in ]Fq, then Tlk;qg+t] - T[k;t] exists. 0

MULLIN, SCHELLENBERG, STINSON & VANSTONE [16] introduced the notation
'"(m,t) for a vector of length m+l such that the circulant matrix with empty
liagonal and V(m,t) as first row has the properties required in proposition
».9. They constructed V(8,9) and v(8,11).

In appendix A we construct V(m,t) for 4 < m < 8 and q = mt+1 < 2000
‘or all relevant primes (but not prime powers) q.

(It is remarkable that the time required to find such a vector for
iven m at first increases strongly with t while it decreases again for
arge t: if the cyclotomic classes are large enough then there are many

olutions. On the other hand, increasing m by one makes the problem an

rder of magnitude more difficult. I could not find any V(m,t) with m > 8.)

. AN EXAMPLE

Several authors paid attention to Or := max{v! v qdd and N(v) < r},
ainly because usually one can obtain much better upper bounds for Or than
or nr. (The reason must be that prime powers are usually odd. One excep-
ion was r = 29 where Hanani found e29 < 2733666, n29
is case just the even numbers were simpler to deal with - but recently

ROUWER [5] showed (n2

< 34115553 [10] - in

<) n < 65278 and the only possible exceptions

9 30
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60000 are even so that O30 < 60000.)

Some results are:

IN

O7 469 and O15 < 54047 [Sszajowski, 1976],

0, < 335 [Wojtas, 19771,
08 < 2343 [stinson, 1978].
mall r one finds from existing tables: O3 = 3, O4 < 33, 05 < 51,
75. A computer program produced the bounds O9 < 2607, O10 < 2863,
3471, 012 < 3565, O15 < 5467. But in fact 5467 was the only possible
tion above 3603, so that O < 3603 as soon as we show that N(5467) =2 15.

15
motivates us to prove the following lemma. (The proof is a nice illus-

on of how theorem 1.2 may be used.)

. 4.1, N(5467) = 15.

. 5467 = 19.271 + 289 + 29,
289 = 17.17,
29 = 1.17 + 12.1.

Apply theorem 1.2 with k = 17, t = 19, m = 271, £ = 2. Give in H, two

s weight O and seventeen points weight 17. Give in H, one point (xo)

2
t 17, twelve points weight 1, and six points weight 0. Let for x ¢ H1
be the block through x and XO' and let g(x) = H2 for x € H2. We need
ollowing ingredients:
TD[17;289] - 17 TD[17;17]
This is found using proposition 3.3 with k =n=v = 17, u, = 1

(1 £i <£17) and lemma 2.2a.

Tp[17;29], which exists since 29 is prime.

T™[17;271], which exists since 271 is prime.
TD[17;272] - TD[17;1], which exists since 272 = 16.17.
Tp[17;288] - T™D[17;17].

16, k

Il

This is found using proposition 3.4 with m t =17, s = 16.
T[17;305] - T™p[17;17].
This is found using proposition 3.4 with m = 16, k = 17, t = 19, s = 1.

. all necessary ingredients exist, theorem 1.2 gives us a TD[17;5467]1. [




« SEVEN SQUARES

Let us show how to use our theorems to obtain n7 < 780. WoJTAS [28]

howed n, < 1750 and BROUWER [3] gives a list of orders for which there
@ay not exist seven mutually orthogonal Latin squares. For each such order

780 we indicate a construction. Let us give an example,
876 = 11.72 + (7x8 + 1x1 + 3x0) + (3x9 + 8x0)

eans (apart from arithmetic equality) that N(876) = 7 follows from an

pplication of theorem 1.1 with (k=9), t=11, m=72, £=2,

713 810
(b, ) =<38 \l (m; 5 =(90 ,\’
n this particular case we may check the availability of the ingredients
s follows: N(57) = 7 follows from 57 = 72+7+1 and the existence of PG(2,7),
[(27) 2 7 since 27 is a prime power, N(72) = 7 since 72 = 8.9, N(73) = 7
iince 73 is prime, the existence of TD[9;80] - TD[9;8] follows from proposi-
ion 3.4 and 80 = 9.8+8, that of TD[9;81] - TD[9;9] from proposition 3.2,
hat of T™D[9;82] - T™0[9;9] - TD[9;1] from the existence of V(8,9), and final-
y that of TD[9;89] - TD[9;9] - TD[9;8] from proposition 3.4 and the preced-
ng remark (Cl) and 89 = 11.8+1.
For the designs below all necessary ingredients are listed in appendix

(except for holes of size 1 which follow immediately from the lemma's in
ection 2). For shortness we drop terms hx0 and write h instead of hxl so
hat the above line becomes "876 = 11.72 + (7x8+1) + 3x9". (Concerning the
ast line of the table, that for v = 796, note that by a remark due to
| =8, 8,1 =9, lH_ | =9,

11 21 31

mi1 =1, mi2 = 0) in such a way that each block A intersects at least one

£ the Hi so that we do not need the ingredient TD[9;70].)

'OJTAS [26] we may choose sets Hij with |H

1




Table 1 - Existence of TD[9;v]

1750 = 23.72 + 9x9 + 13 1006 = 13.71 + 8%x9 + 11

1740 = 23.71 + (11x9 + 8) 994 = 13.71 + (7%x10 + 1)
1734 = 11.151 + (8%9 + 1) 982 = 13.71 + (6%X9 + 5)

1726 = 23.71 + (9%9 + 1) + 11 966 = 13.71 + (4%x9 + 7)

1722 = 23.71 + 8x9 + 17 914 = 13.64 + (10x8 + 2)
1718 = 23.71 + 8%x9 + 13 876 = 11.72 + (7x8 + 1) + 3x
1260 = 16.72 + 11%x9 + 9 868 = 11.72 + (6%X8 + 1) + 3X
1258 = 17.71 + (4x9 + 7) + 8 866 = 13.56 + (10x8 + 2) + 7
1230 = 16.71 + 9%x9 + 13 844 = 11.72 + (3%x8 + 1) + 3x
1206 = 11.103 + (8%x9 + 1) 836 = 11.71 + (5%x9 + 2) + 8
1202 = 11.99 + 8x13 + 9 828 = 11.72 + 3%x9 + 9

1198 = 11.103 + (7x9 + 2) v 826 = 11.71 + (4x9 + 1) + 8
1190 = 16.72 + 3x9 + 11 822 = 11.71 + (4%x9 + 5)

1182 = 11.100 + (9%9 + 1) 820 = 11.72 + 3x9 + 1

1180 = 16.72 + 3x9 + 1 818 = 11.71 + (4%x9 + 1)

1126 = 11.99 + (4%x8 + 5) 814 = 11.71 + (2x9 + 7) + 8
1026 = 13.72 + 9%x9 + 9 806 = 11.71 + (2x9 + 7)

1022 = 13.71 + 11x9 804 = 11.71 + (2x9 + 5)

1020 = 13.71 + (7x10 + 3x9) 802 = 11.72 + 1x9 + 1

1012 = 13.71 + 9%X9 + 8 (796 = 11.70 + 8 + 9 + 9)

. N(56) = 7 is proved in MILLS [14], N(57) = 7 in BOSE & SHRIKHANL
N(65) = 7 follows from proposition 3.6, the existence of TD[9;81]
101, T™[9;82] - TD[9;9] and of TD[9;100] - TD[9;11] follows from t
ence of V(7,10), Vv(8,9) and V(8,11), respectively.}

Thus we proved:

EM 5.1. n7 < 780.

FTEEN SQUARES

First we ran a program with some knowledge about Latin squares to

<
15° It proved N < 59942.

‘ollows: as a corollary to Wilson's theorem we have

per bound on n




L4

(%) If N(t) 2 16 and 0 < h < t and N(h) = 15 then N(16+h) > 15.
siven n, if we know enough numbers h in the residue class of n (mod 16)
such that N(h) 2 15 then among the numbers t we get when writing n = 16t+h
it least one is coprime to 2.3.5.7.11.13 so that for this t we have N(t) = 16.
3y (*) it follows that N(n) = 15 provided that t > h. Hence one finds that
chis works for n = 17h + h being the largest element in some fixed
max  max
jood collection of numbers h. As an explicit example, consider the residue

:xlass 1 (mod 16). The program proved N(h) > 15 for

h e {1,17,49,81,97,113,193,241,257,273,289,305,321,337,
353,369,385,401,417,433,449,465,481,497,513}.

(And indeed, N(1) = +» and all other numbers are prime powers or of the
‘orm 16g+1 or 16g+17 where q is a primepower > 17.)
Now if we write n = 16t _+1 then we have n = 16t+h with h in the above

0
set and

t e tO - {o0,1,3,5,6,7,12,15,16,17,18,19,20,21,22,23,
24,25,26,27,28,29,30,31,32}.

le claim that at least one of these t has no factors 2,3,5,7,11 or 13.

‘onsider six cases according to the residue class of tO (mod 6).

0 1 (mod 6). Choose t ¢ t0 - {0,6,12,18,20,24,26,30,32}.

At most three of these numbers are divisible by 5, at most two by 7,

a) t

at most one by 11 and at most two by 13. But we have nine choices and

9-3-2-1-2 > 0, so we may pick t in such a way that (t,2.3.5.7.11.13) =1.
) t; =2 (mod 6). Choose t t, - 11,7,15,19,21,25,27,31}.

At most three of these numbers have a factor 5, at most two a factor 7,

at most one a factor 11 and at most two a factor 13. But unfortunately

8-3-2-1-2 = 0. Looking somewhat closer we see that three five's occur

only when tO Z 1 (mod 5). Now choose t € tO - {7,15,19,25,27}. There

is at most one 7 or 11 or 13 so that two choices are left.

'he other cases are similar.

This proves that N(n) > 15 for n = 1 (mod 16), n > 17.513 = 8721.
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and one finds N(n) 2 15 for n = 1 (mod 16) and n > 3505 - all n admit
mposition n = 16t+h such that (%) applies, or with t prime, 0<h <t-15,
5) = 15 where proposition 3.5 applies, except for n = 4833 = 27.179,
27.131, 3521 = 31.113+18.)

[n a similar way one finds N(n) = 15 for n = 17.hmax for the other

1e classes mod 16:

16) 0 1 2 3 4 5 6 7

720 513 3154 643 3172 869 3526 615

16) 8 9 10 11 12 13 14 15

2840 841 2570 875 3212 797 2590 847

llows that N5 < 17.3526 = 59942 and O15 < 17.875 = 14875.)

Next with a short run it turned out that in fact the above method
16t+h) also works in the interval 31000 < n < 60000. Covering the in-

1 10000 < n < 31000 with a somewhat smarter program, and 0 < n < 10699
the full strength of the program that knows all recursive constructions

ibed in [3], we get the results mentioned in the introduction.

. Recently I learned that STINSON [19] used a similar method to obtain
nd for n3o. Given his result the above work may be replaced by a
h through the interval 10000 < n < 121605.}
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DIX A

"we list an example of a vector V(m,t) (Cf ion 3B and referen
[16], [3b]) for 4 <m < 8 and for all t > ch that g = mt+1 i
 and m and t are not both even, up to val g around 2000.

m 4 5 6 7 8

t
0 3 6 5 6 9

tA4  m = 4 eEett
= 13, g+t = 6. 0(4 3 0 ! 7 2
= 29, qtt = 36, V4,7 0 1 7 19
= 37, gttt = 46, V(4 V) 0 1 2 8
= L3, qtt = 66, V(4,13): 0 | 7 19
= 61, qtt = 76, V(4,15): 0 1 7 5
= 101, g+t = 126, V(A.LJ) o0 1 Z 31
= 109, q+t = 136, V(4,27): 0 1 11 2
= 149, q+t = 186, \)(4,37); 0 1 2 g
= 157, g+t = 196, V(4,39): 0 1 2 65
= 173, q+t = 216, V{4,43): 0 1 2 7
= 181, q+t = 226, V(4,45): 0 1 7 3
= 197, q+t = 246, V(4,43): 0 1 2 23
= 229, g+t = 286. VY(4,57): 0 1 7 59
= 269, q+t = 336, V(4,67): 0 1 2 2
= 277, q+t = 346, V(4,69): 0 1 7 125
= 293, q+t = 366, Y(4.,73): 0 | 2 22
= 317, g+t = 396, V(4,79): 0 1 2 29
= 349, q+t = 436, V(4,87): 0 1 2 10
= 373, g+t = 466, V(4,33): 0 1 2 56
= 389, g+t = 486, V(4,97): 0 | 2 5
= 397, g+t = 496, V(4,99): 0 1 2 74
= 421, q+t = 526, V(4,105): 0 1 7 66
= 461, g+t = G&76, V(4,115)¢ 0 1 2 5
= 509, g+t = B36, V4,127): 0 1 Z 21
= G411, g+t = 676, V(4,135)! 0 1 7 45
, = G857, q+t = 696, Y(4,139): 0 1 b 16
| = 613, g+t = 766, V(4,153): 0 1 2 a
| = B53, g+t = 816, V(4,163): ] 1 2 67
| = EBB1, g+t = 826, Y(4,165): 0 1 2 139
| = 677, g+t = 846, V(4,169 0 1 2 5
| = 701, g+t = 876, V(4,175)¢ 0 1 2 79
| = 709, g+t = 886, V(4,177): 0 1 7 38
| = 33, g+t = 916, Y(4,183): 0 1 7 3
y = 757, gqtt = 846 V4,189): 0 1 7 48
y = 773, g+t = 966. V(4,193): 0 | 2 7
y = 797, q+t = 3996, V(4,199): 0 1 2 7
= 821, g+t = 1026, V(A.ZUS): 0 | 2 20
1 = 829, g+t = 1036, V(4,207): 0 1 7 272
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3): > 27
2): 5 76
3 1 40
1) 3 3
1) 5 106
5) 7 93
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1): 7 2
1) 5 25
5): t] 85
2): 7 41
3): 7 27
14) 5 27
18): > 3
14): 3 30
20) 5 2
26) / 17
28) . 3 40
32) 7 15
38): 7 80
40) 5 10
>0) 7 31
22 7 23
52): o 10
54) 7 26
76) 7 15
32): 3 23
380 33
34y 3 40
ig): 7 27
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12): 5 1"
18) 7 44
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q 7, qtt 5. V(7,18): 97 114 99
q 7y g+t 3. V(7,28): 07 187 82
q 1, g+t 1, V(7,30): 50 2 69
q 3, g+t 3, V(7,34); 10 153 234
q I, q+t 1. V(7.40): 34 79 184
q 7y qtt a3, V(7,48): 16 82 184
q 3, q+t 3. V(7,54): 12 301 95
q I, g+t 1. V(7,60): 16 38 397
q I, g+t 3. V(7,64): 2 423 366
q 3, g+t 3. V(7,66): 20 57 110
q v g+t 1. V(7.70): 2 401 9
9 7, qtt >, V(7,78): 11 19 450
q ", g+t 5. V(7,88): 2 259 237
q Iy g+t Iy V(7,90): 16 200 560
q I, q+t 2, V(7,94): 2 407 544
q 3. g+t 3, V(7,96): 16 61 485
q , g+t by V(7,100): 14 130 196
q }, q+t I, V(7,106): 2 588 607
g "o gqtt e V(7,108): 15 49 455
q ", g+t e V(7,118): 10 136 18
q i, q+t 1. V(7,126): 15 137 59
q , qtt V(7,130 2 175 662
q I, g+t b, V(7,136): 16 252 710
q ., qtt ve V(7,138 1 370 836
q I, g+t oo V(7,144 |5 3 973
q , qtt V(7 0150) 2 12 336
q 'y g+t b, M(7,156): t4 122 52
q by g+t I, V(7,166): 6 212 754
q I, g+t b V(7,184) 15 200 617
q . g+t b, V(7,186): 2 170 79
q . qtt o V(7,196): 2 30 527
q ., qtt by V(7,204) 2 217 72%
q , qtt CNO7,210) 2 S 1130
q y qtt Ly V(7,214) 5 110 1313
q . qtt feoV(7,226) 5 50 774
q ., qtt s V(7.228): 5 91 607
q . qtt « NV(7,238) 2 121 30
q , qt+t s V(7.244) '8 63 397
q , g+t O V7,246) 1 59 1525
q q+t . V(7,268): o) L5 1852
q , qtt CV07,276) 1 17 816
q v gttt CV07.,286) 6 97 593
q , qtt . V(7,288): 2 22 1961

|
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